The aim of the presented paper is to show the results of shape optimization of railway polynomial transition 
INTRODUCTION
The issue of searching for the proper shape of railway transition curves (TCs) is as old as their use (e.g. [2] , [4] , [6] - [12] ). Nowadays, however, there is a group of scientists and practitioners who claim quite categorically that the problem is sufficiently examined, and further progress in this area it is not possible. They are satisfied by a 3 rd degree parabolic TC and its corresponding linear superelevation ramp. Many works (e.g. [12] ) and works of the authors of this paper ( [2] , [6] , [9] ) on the problems of the dynamics of railway vehicles in transition curves show that this issue is not trivial, and the expectation of an immediate breakthrough solution would be rather artless. Probably it has just discouraged many researchers (aimed at quick success), who do not understand 1 Warsaw University of Technology, Faculty of Transport 00-662, 75 Koszykowa Street, kzb@wt.pw.edu.pl 2 Warsaw University of Technology, Faculty of Transport 00-662, 75 Koszykowa Street, pwoznica@wt.pw.edu.pl or do not accept that in many areas of research progress is slow. From the authors' point of view, the cause of some reluctance against a change of methods in formation of TCs in engineering practice is primarily the traditional views treated incorrectly as invariants. Those views which the authors of the article polemize with the most are presented in the current chapter.
1. Let's start with polemics from the belief that the construction of TCs other than with a linear change of curvature creates geodetic difficulties impossible to overcome. In the authors' opinion, if the TC is represented by a set of coordinates it does not matter which TC is just laid out; neither machines nor people performing this task need to know it. The accuracy of construction of any TC is the same. Moreover, it was shown many years ago in [4] , that differences in coordinates of various TCs are much larger (both in the plan and the elevation) than errors in TCs' alignment. In this context, the opinion that problems with the alignment of polynomial TCs of high degree cannot be overcome, has no real justification at this time.
2. Another issue worth mentioning is how to compare and evaluate TCs of different shapes. The fundamental error committed here is to compare the curves of the same length equal to length for the 3 rd degree parabola. In such conditions, curves with a linear change of curvature and superelevation ramp always are the best, because of the constant superelevation ramp inclination value. To take advantage of TCs of other shapes -polynomials of 5 th , 7 th , 9 th , and 11 th degrees, one should assume their lengths in a such way that the maximum values of the superelevation ramp inclination have reasonable values. Standard TCs of mentioned degrees have the feature such that the integral of the centrifugal force acting on the vehicle body along the route is minimal. If we take the length of the 3 rd degree parabola as 1 and the same value of the maximum inclination of the superelevation ramp for mentioned curves, these curves will have a greater length respectively by 1.5, 1.875, 2.1875, and 2.46 times. The disadvantage of a significant increase of the length of the curve can be corrected in practice. The regulations [3] allow the use of the double value of maximum inclination of the superelevation ramp for curves with non-linear curvatures in comparison to curves with linear curvatures. In such cases, the maximum inclination of the superelevation ramp has only temporary, and not continuous, character.
3. The other problem is an oversimplified representation of the vehicles in the methods exploited in evaluation and selection of the TCs parameters in engineering practice, and sometimes in research. It seems that an approach where all vehicles are represented by a material point has already exhausted its capability. The simplicity of the model and covering the whole rolling stock, the biggest advantages of the traditional approach, are no longer considered to be a source of progress. In this context, one should notice the trend of separating freight and passenger traffic and conducting them with separated routes. In the case of passenger traffic, it is difficult not to notice that traffic is handled often by one type of vehicle, or at most by just several types of very similar properties. The alternative, which for years has been promoted by one of the authors (e.g. [7] ), is the individualization of vehicles and their representation by the full nonlinear dynamic model. This
gives potential ability to better match the properties of TCs to the group of similar vehicles (freight traffic) or to individual vehicles (passenger traffic of high-speed trains).
4. In engineering practice, the approach to track-vehicle interactions is limited to discussing the vehicles jointly and studying the selected effects (quantities) in the car body [1] . Here, the traditional criteria of 3-dimensional TC formation are in use. They demand that the physical quantities that characterise effects on passengers and, alternatively, on cargo, do not exceed values that are acknowledged as acceptable. The corresponding relations refer to: unbalanced lateral acceleration a d alim, velocity of the a change \ d \lim, and velocity of wheel vertical rise along the superelevation ramp f d flim. Some up-to-date works extend these criteria with additional quantities and search for their courses. Such is, for example, the second time derivative of a. In the case of the courses (of the a first and second derivatives most often), the continuity (no abrupt change in values), differentiability (no bends), and so on are demanded. Despite that extension, such criteria do not take account of the dynamical properties of a particular vehicle, including track-vehicle interactions in particular conditions, or effects on vehicle bogies. These mentioned phenomena are quite different than those appearing for traditional criteria, where the track has infinite stiffness and no geometrical irregularities, whereas the vehicle is represented by a single rigid body or particle.
MOTIVATION AND AIMS OF THE CURRENT WORK

MOTIVATION TO UNDERTAKE THE RESEARCH
The search for the proper shape of railway TCs means to the authors an evaluation of curve properties based on select dynamical quantities and generation of such shapes with the use of mathematically understood optimization methods. The studies presented now and in the past are, in fact, always based on numerical tests. For the needs of the present work, the advanced vehicle model, dynamical track-vehicle and vehicle-passenger interactions as well as optimization methods were exploited. In the model and its corresponding software a complete rail vehicle model of a 2-axle freight car, the flexible track discrete models, and non-linear descriptions of wheel-rail contact (both geometry and forces) are applied. The part of the software that makes vehicle simulations is combined with library optimization procedures into the final computer program.
The authors of this article, in their earlier works, have shown good dynamic properties of railway polynomial transition curves of higher degrees -9 and 11 -with the maximum number of terms -7 and 9, respectively [2] , [6] , [8] , [10] . For optimization criteria they used an integral of the 2-axle railway vehicle body lateral acceleration along the route. The curvatures of the obtained optimum transition curves did not have tangence (G1 continuity) in the terminal points -first and last -of the curve, however. That property was obtained for 2 velocities of vehicles: the bigger onerepresented unbalanced lateral acceleration in a circular arc equal to 0.6 m/s 2 and the smaller oneguaranteed ideal balance between transversal components of gravity and centrifugal force acting on vehicle body; a value of curve radius (R=600 m) and a value of cant (H=150 mm) were considered.
The property being discussed induced the authors of this paper to clarify why curvature bends (G0 continuity) in terminal points of obtained TCs have a relatively small negative impact on vehicle dynamics while running along such curves.
AIMS OF THE WORK
In the context of the motivation given above, the aim of this work is the optimization of railway polynomial TCs of 5 th , 7 th , and 9 th degrees through the use of new, non-traditional optimization criteria. As before, the full vehicle model has been used in the optimization process. Finally, the authors wanted to check whether the new optimization criteria and also values of curve radius -R=1200 m and 2000 m -and cant -H=75 mm and 45 mm -taken to the analysis could give, in result, so-called smooth TCs.
Mentioned non-traditional assessment criteria concerned the minimization of:
-the value of integral of the change of lateral acceleration (jerk) of the vehicle body along the route:
-the maximum value of the change of lateral acceleration of the vehicle body: 
FUNDAMENTAL PRINCIPLES ADOPTED IN MODELLING
VEHICLE AND TRACK MODELS
The model represents a 2-axle freight car of average value of parameters. Relatively simple construction of vehicles gives acceptable computation times, which is preferred in basic research and facilitates the interpretation of results. Its structure is shown in Fig. 1c . It is supplemented with discrete models of vertically and laterally flexible track shown in Fig. 1a and 1b. Linearity of the vehicle suspension (stiffness and damping elements) was assumed. The same concerns the track models. One can find all parameters of the vehicle-track system analysed in Table 1 .
Note that the model used includes all key elements of vehicle dynamical models recognized in railway vehicle dynamics as: key mass components (wheelsets and vehicle body), suspension components (stifness and damping elements), and wheel and rail geometry described through real non-linear shape of their profiles. Tangential contact forces are calculated through the use of the non-linear simplified contact theory by J.J. Kalker. All inertia terms resulting from motion in a curved track are taken into account with no simplication. In addition, the vehicle model is supplemented with the track model, which means that in fact the dynamical vehicle-track system is considered. It can be treated as the full dynamical model, especially when it is compared to the particle representing the vehicle in engineering traditional methods of TCs formation. 
TYPE OF TRANSITION CURVES ADOPTED IN THE RESEARCH
As TCs in the studies, the authors of the current work adopted polynomial curves of 5 th , 7 th , and 9 th degrees (n=5, 7 and 9):
where:
y, k, h, and i define the curve lateral coordinate, curvature, superelevation, and inclination of superelevation ramp, respectively. The R, H, l0, and l define curve minimum radius (at its end), maximum superelevation (at the curve end), total curve length, and curve current length, The problem formulated in this article is a classical formulation of static constrained optimization.
It is solved with a library procedure that utilizes a moving penalty function algorithm combined with Powell's method of conjugate directions. The objective function must be a real-value function of a fixed number of real-value inputs and it need not be differentiable.
The difficulty of the problem's solution consists in quite a complex form and way to determine the quality function. This function is calculated as a result of the numerical simulation of motion of the mechanical system represented by its model in [6] . The main steps during calculation of the quality function are: generation of the new shape of the transition curve, calculation of the kinematical quantities (velocities and accelerations) that depend on this new shape, and solution of the corresponding 2 nd order ordinary differential equations (ODEs) set.
THE SOFTWARE AND OPTIMIZATION CONDITIONS CHARACTERISTICS
BASIC INFORMATION ABOUT THE SOFTWARE
The scheme of the software used in TC shape optimization corresponds to that shown e.g. in [9] .
The major objects within this scheme are the two iteration loops presented. The first is the integration loop. This loop is stopped when distance LC, being the length of the route (usually compound route ST, TC, and CC or CC, TC, and ST), is reached by the model. The second is the optimization process loop. It is stopped when the number of iterations reaches limit value ilim. This value means that ilim simulations of vehicle motion have to be performed in order to stop the optimization process. In the calculations done so far ilim=100 was used as standard value. If the optimum solution is reached earlier, i.e. for i<ilim, then the optimization process stops automatically and the corresponding results are recorded. When no optimum solution is reached for ilim=100, this value has to be increased manually, while the process has to be repeated.
INFORMATION ABOUT INITIAL POLYNOMIAL TRANSITION CURVES AND OPTIMIZATION CONDITIONS
In railway technology a certain group of polynomial TCs is used as a standard most often. Each polynomial of even degree has two different standard transition curves. This property differentiates such polynomials from polynomials of odd degrees (where just one such standard TC exists). In this case, the functions of the inclination of the superelevation ramp -formula (3.4) -of these curves are symmetrical about a vertical axis passing through point l0/2. The method of receiving standard TCs for both even and odd degrees is presented in [12] .
In the optimization process three standard TCs [12] were used as initial ones. In [12] also the algorithm of obtaining of each of these curves is presented. The first TC (4.1) is the curve of 5 th degree and is known as the Bloss curve in railway engineering, and the remaining TCs (4.2) and (4.3) are of 7 th and 9 th degrees, respectively. Despite the fact that Bloss TC is used in terraindifficult conditions, the authors decided to take this curve as the TC of 5 th degree satisfying the condition described in point no. 2 of chapter 1. For each polynomial TC geometrical demands can be imposed; demands one may or may not want to take into account. Possible combinations of coefficients for these demands are presented e.g. in [2] . In this paper the authors focused only on TCs with a maximum number of terms (n-2). This case affects only TCs which have curvatures without tangence in terminal points of a curve (condition IDZ=1).
Each transition curve has a minimum length of l0, which is calculated in accordance with the method presented in [5] . This minimum length arises from two conditions, on demand that two values are not to be exceeded. The first one is the velocity of the unbalanced lateral acceleration change \ , and the second is the velocity of wheel vertical rise along the superelevation ramp f. For the purpose of this work, the authors always took a greater length calculated from both conditions (lf and lψ) and used two formulas well-known from engineering practice [5] : lengths were the same and equal 100 m, so differences between the routes existed for TC sections. 
RESULTS OF THE OPTIMIZATION OF RAILWAY TRANSITION CURVES
SELECTED RESULTS. FOCUS ON ROUTE 1
In The betterment is also, most expressed when values of quality functions are compared. If one assumes the value for the initial curve as equal to 100%, then QF's value in % for the optimum TC is 18%.
Additionally, the properties inferior to the optimised 5 th degree TCs as compared to the 3 rd degree parabolic TC are shown in Fig. 3 . It is obvious from the whole Fig. 3 -both for lateral displacements and lateral accelerations of vehicle body.
The optimum curve given by the software is represented by the following formula: in its middle part. In such a case, the superelevation ramp slope is lower then for the smooth TCs, and the vehicle enters, passes, and exits this zone more smoothly.
Despite these facts, the authors in their earlier works (e.g. [6] , [10] ) showed cases, especially for TCs of higher degrees 9 th and 11 th (for R=600 m and H=150 mm), where the best (optimum) TCs had shapes (curvatures) different from the mentioned 3 rd degree parabola; these shapes were something between the standard curves given in [12] and the 3 rd degree parabola.
Formula ( 
COMMENT ON THE RESULTS FOR ROUTE 3
As a complement to results from subchapter 5. 
CONCLUSIONS
As a result of the discussed studies, many original and important conclusions can be drawn. In the background of the authors' achievements within current article sits a model of construction, tests, and demonstrations of the high reliability of the complex software used in order to optimise the shape of the spatial (3-dimensional) transition curve. Though this task can be regarded as nontrivial, not only because of the complexity of the calculations, but also because of preparing a postprocessor to enable recording, archiving, and interpretation of very large numbers of results of different nature.
The authors of this paper can also formulate the detailed conclusions based directly on the calculation results. Secondly, as mentioned, the curvatures' bends at terminal points of obtained transition curves had a relatively small negative impact on vehicle dynamics while running along such curves. This is just the bend in the course of the trajectory characteristic quantity -curvature, and not in the trajectory itself. This quantity has of course an important physical interpretation and can affect the dynamic behaviour, but it seems to be smaller than in the case of bends directly in the trajectory (track).
Thus, bends in superelevation ramp should have rather greater importance.
Third, the software used by the authors allows for many possibilities of optimization of TCs and through it the authors hope to perform the optimization of e.g. inverse TCs. The results of preliminary optimization of inverse TCs were presented in [2] and [6] . 
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